1 , under some conditions, determines uniquely a probability invariant measure, denoted by μ. In this paper, we study the pressure function of the system and multifractal structure of μ. We prove that the pressure function is Gateaux differentiable and the multifractal formalism holds, if the IFS { } = w j j m 1 has non-overlapping.
Introduction
The multifractal formalism arose from various considerations in physics and mathematics (see e.g. [12, 14, 27] ). In paper [14] a formulation of the scenarios of multifractal theory was elaborated in which there were strong hints of parallels to the theory of statistical physics. Some of the first rigorous mathematical results concerning this formalism are in [7] and [36] . Recently, Pesin presented a general formulation of the setting for multifractal theory [32] . The theory of multifractal analysis for hyperbolic conformal dynamical systems is now extremely well developed. There are complete results for local dimension of Gibbs measures, Lyapunov spectra and Birkhoff spectra (see e.g. [4, 8, 9, 30, 31, 33, 35, 40] ). More general results about the multifractal analysis for symbolic systems, expanding dynamical systems and contractive IFS have also been obtained. We give a partial list in the literature [10, 11, 24, 40] and the references there. The multifractal analysis of dynamical systems, including level sets of more general local quantities than Lyapunov exponents, is so far well understood mainly in the uniformly hyperbolic case.
Non-uniformly expanding maps has been studied extensively (see e.g. [1, 3, 16, 17, 25] ). And recently, parabolic systems have aroused the attention of many people who are interested in the multifractal analysis [4, 10, 11, 13, 18] . There are results for specific nonuniformly expanding systems gotten by Kesseböhmer and Stratmann [22, 23] . Nakaishi [29] studied Manneville-Pomeau-like maps and derived the Hausdorff dimension of the level sets for Lyapunov exponents in the interior of the spectrum. Similar results for a different map were obtained by Kesseböhmer and Stratmann [21] . Pollicott and Weiss [34] obtained the local dimension spectrum for the measure of maximal entropy for a restricted class of parabolic maps without critical points. In theorem 4 of [42] Yuri computes a portion of the multifractal spectra for weak Gibbs measures of some non-uniformly hyperbolic systems. We would like to point out that, for infinitely generated iterated function systems, Hanus et al [15] developed thermodynamic formalism for equilibrium states of strongly Hölder families of functions. The strongly Hölder continuity of potential functions implies that the pressure function is real-analytic (see theorem 6.4 of [15] ), and then, the thermodynamic formalism follows (see theorem 7.4 of [15] ). And, to study parabolic iterated function systems S, Mauldin and Urbański [28] associated with the system S an (always infinite) hyperbolic conformal iterated function system S * whose limit set may differ from the limit set of the system S by at most a countable set. Hence, in some cases, the paper [15] can be regarded also as a good attempt to explore finitely generated parabolic iterated function systems. Jordan and Rams [19] studied the multifractal analysis of weak Gibbs measures for non-uniformly expanding C 1 Markov dynamical systems on the interval [0, 1] . Among the other considerations, they studied, under the assumption that the potential function is Hölder continuous, the real analyticity of the function ( ) α = α f X : dim H (see theorem 4). Recently under the assumption that the potential function is Hölder continuous, Bomfim et al [5] showed that the topological pressure is differentiable as a function of the dynamics and analytic with respect to the potential. By making use of the cone technique, Baladi and Todd [2] studied the differentiability of the invariant measure μ t of Pomeau-Manneville type interval maps Walters [37] considered summable variation potential function on symbolic space. Barnsley et al [3] and Fan and Lau [8] considered an IFS associated with Dini continuous potential functions. Recently, Werner [39] studied contractive Markov systems with Dini continuous probability functions. Hence it is natural to consider triple system ( { } { } ) 1 determines uniquely a probability invariant measure μ (see [17, 25, 41] ). This paper is a follow-up of paper [41] . Our aim in this paper is to study the multifractal structure of μ.
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Let X = [0,1] and ( ) = X 0, 1 . A C 1 self-map u on X is called parabolic [15] , if there exists a unique point
. Throughout this paper, we always let
with ⩾ m 2, and assume that each → w X X :
, is continuously differentiable on X. Furthermore, we assume that there is a non-empty set I I on X is said to be weakly contracting [16, 41] , if
It is easy to see that non-uniformly contracting conformal IFS is weakly contracting. Under this (weak contractivity) assumption, there exists a non-empty compact set K such that
(see [16] ).
With each w j , we associate a positive continuous function p j as a potential function. We can set up the Perron-Frobenius operator as follows on the space C(K ) of real continuous functions on K:
. Throughout the paper, we always assume that each potential function p j , I ∈ j , satisfies the Dini condition. Without loss of generality, in the following we always assume that = 1. For any
.
, we define
and let
. And define
From theorem 4.3 of paper [41] , we have the following proposition 1.1.
Then there exist a unique ( ) < ∈ h C K 0 and a unique probability
and for every
We are interested in the multifractal structure of measure μ determined by proposition 1.1.
. We define the local dimension of μ at a point ∈ x K as follows
when this limit exists. Let
From (2) of (1.2), we can confirm that ( ) ρ Σ, is a compact metric space. Let τ be the left shift of Σ, i.e.
We would like to remark that the limit is always one point, as the IFS ( { } )
In the following we assume that the function ψ is not cohomologous to any constant (see e.g. [13] ). And let
and : .
To study Hausdorff dimensions of the sets α X and ˆα X , we need to consider some PerronFrobenius operators. More exactly, for any
We use ( ) λ T a, to denote the spectral radius of the operator λ T .
a,
denote the family of τ-invariant Borel probability measures on Σ. And let 
H H
To describe the multi-fractal of the measure μ more exactly, we need to set up the following theorem 1.3 first. 
As usual (see e.g. [15, 24, 30, 40] ), we say that the multifractal formalism holds, if the assertions of theorem 1.4 hold. The condition (1.4) may be strengthened, as pointed out in [41] , to be that
This is a simple checkable sufficient condition. We would like to point out that condition (1.4) is obviously satisfied if system involved is contractive, i.e. I = ∅ on condition (1.4), readers may refer to corollary 4.5 and remark 4.6 of paper [41] . Theorem 1.4 extends what is known in the hyperbolic setting in several aspects. It applies to many non-hyperbolic situations, such as the Manneville-Pomeau map. We would like to point out that Hanus et al [15] can make use of the famous Ionescu-Tulcea and Marinescu theorem to establish some useful spectral properties of the Perron-Frobenius operator (see theorem 5.2 of [15] ), and then set up the multifractal theory for the equilibrium states. Because they assume that potential functions concerned are of strongly Hölder continuous there (see theorems 6.4 and 7.4 of [15] ). And then under the assumption that φ < 0, by making use of the results of [15] , Jordan and Rams [19] studied the multifractal structure of systems. However, we assume, in this paper, that the potential functions are Dini continuous. In this case, the Ionescu-Tulcea and Marinescu theorem does not hold, and the eigen-function is not Hölder continuous in general. This brings about some new difficulty in the study of the multifractal of invariant measures. We need to overcome some obstructions (see theorem 3.3, propositions 3.4 and 3.6, corollary 3.5). For this, we let π be defined as in (1.5). After having proved theorem 1.3, we let, for any σ σ σ = ∈Σ ,
Then we can establish a conjugacy between the system
and the symbolic system ( ) τ ϕ Σ, , a (see corollary 3.5.) From the uniqueness of equilibrium states for the potential ϕ a (proposition 3.6(ii)), we can deduce that the function ( ) λ a is differentiable on ( ) ∞ 0, (proposition 3.9.) And then, we can deduce theorem 1.4. We set up theorem 1.3 in section 3 (see theorem 3.3). We will prove theorem 1.4 in section 4 (see theorems 4.4 and 4.5).
The paper is organized as follows. In section 2, we will present some notations and concepts for IFS and symbolic systems. In section 3, we discuss the Perron-Frobenius operators and the pressure functions. And we set up theorem 3.3. In section 4, under the assumption that the potential functions are Dini continuous, we study the multifractal of the invariant measure of the IFS, and prove theorems 4.4 and 4.5, which are the main results of the paper.
Preliminaries
Throughout the paper, we always assume that the IFS ( { } ) = X w , j j m 1 satisfies the condition (1.2). We say that a map → w X X : is contractive, if there exists a constant 0 < R < 1 such that
weakly contracting if
It is clear that contractivity implies weak contractivity. Hence, the non-uniformly contracting conformal IFS ( { } )
1 is weakly contracting. Hata [16] showed that there exists a unique nonempty compact ( ) 
For any θ < < 0 1, we consider the following summation ( )
It is well known that the Hölder continuity implies the Dini continuity. However, there are many examples which are Dini continuous, but not Hölder continuous. Throughout the paper, we always assume that the potential functions p j 's are Dini continuous on X. And sometimes, we call the potential functions family { } = p j j m 1 a Dini system, for convenience.
be a continuous function. For any n > 0, we let
weak Gibbs for the potential ϕ [19] , if there exists a constant p and a positive sequence {k n } such that
The existence of such weak Gibbs measures for some continuous potentials is established in papers [41, 42] . A homeomorphism Φ of a compact metric space (Z,d) is said to be expansive [38] if there exists δ > 0 with the property that if ≠ x y then there exists a
. From (2) of (1.2), we can check easily that the map τ is expansive on
, we use ( ) ν τ h , to denote the measure-theoretic entropy of ν [20, 37] . Hence, we know from theorem 8.2 of [38] that the map
denote the pressure function of ϕ [15, 38] , i.e.
From the variational principle, we see that
( )
is called an equilibrium state for the potential ϕ (see e.g. [6, 20, 38] ), if
The Perron-Frobenius operators and pressure functions
In the following we always assume system ( { } { } )
, is continuously differentiable on X, from (2) of (1.2), it follows that ( )
, we let
be defined as in (1.6). We denote by ( ) λ P a, the pressure function of the system
, from the system
. And, similar to (1.6), we define
We can prove directly that ( ) λ P a, is also the pressure function of the symbolic system
. For any continuous function ϕ defined on Σ and t > 0, we define
, and , .
And let, in particular, 
Before proving theorem 3.3, we would like to point out that the analogue of theorem 3.3, for contractive IFS, is easily proved (see e.g. [8] ). For non-uniformly contracting IFS, Hanus et al [15] , by considering uniformly contracting infinite IFS instead, showed a similar result, under the assumption that the potential functions are strongly Hölder continuous (see section 3 and lemma 7.2 of [15] ). Theorem 3.3 is one of fundamental results of this section. It plays an important role in the following argument. In this paper the potential functions p j 's are assumed to satisfy the Dini condition (not Hölder continuous in general). These bring about some difficulty in the proving of theorem 3.3. We need to overcome some obstructions.
Proof of theorem 3.3. Note that ( )
Without loss of generality, we assume, as in proof of theorem 4.3 of [41] , that k = 1 in (1.4). We know from proposition 1.1 that there exists a ( )
and υ μ = h . Then, the probability measures μ and υ have the same multi-fractal structure.
Then it is easy to confirm that ( )
Then we have We claim that there exists a unique continuous function
1 for all and .
x X n 0, Hence, we conclude that
For any ⩾ a 0, we have
From this, together with lemma 3.2, it follows that there exists a
be defined as in (3.1). Then ( ) λ = a 0 for all ⩽ λ λ 0 ; and, note that for any λ λ > 0 and for any ⩾ > a a 0 2 1 , we have
From this, we deduce the uniqueness and the continuity of ( ) λ a . Hence the claim follows.
From assumptions (2) and (3) From this, together with (3.3) and the above claim, we deduce that 
We claim that
Indeed, let x j be the parabolic point of w j ( I ∈ j 0 ), and let δ xj be the Dirac measure at x j . It is easy to confirm that ( )
. And from the assumption that a > 0, it follows that
This implies that
Hence from this, we deduce that υ δ ≠ xj ( I ∈ j 0 ). From this, we get the claim (3.6). From (3.5), it follows that
This is a contradiction. Hence, the uniqueness of ( ) λ a follows. And then the proof is completed. 
Proof. Otherwise, suppose that for some a > 0, (3.7) does not hold, i.e.
We can check that for any 
, it follows that
Hence, we conclude that
From this, together with (3.8), we deduce that
From this, together with theorem 3.3, it follows that ( )
. It is contradiction. □
Corollary 3.5. For any a > 0 there exists a unique ( ) < ∈
h C K 0 a and a unique probability
a a a a a a a a and for every
n a n a a C Proof. We consider the operator
Let k be determined by proposition 3.4. Then
From proposition 3.4, we see that (1.4) is satisfied. And, note that all p j 's are Dini continuous. From this, together with (1) of (1.2), we conclude that each ( ( )) ( )
satisfies the Dini condition. Hence, for the operator T a , the all conditions of proposition 1.1 are satisfied, and then the assertion follows. □ From corollary 3.5, it follows that for all a > 0
For any a > 0, let
. For any multi-index ∈ Ω J , we define
a a a is the unique equilibrium state of the symbolic dynamical system ( ) τ ϕ Σ, , ;
and C a > 0 such that
n a a 0
Proof.
a . From this, together with (3) of (1.2), it follows that
a a J a n a J a a n J a n a J From this, together with lemma 3.1, we deduce that for any σ ∈ Σ
D a a a n n a
This implies that μ a is a weak Gibbs measure for potential ϕ a . (ii) The proof can be modified from [37] on the symbolic space with summable variation potential function. We outline the idea here for completeness. Let
And define a 'normalized' operator , and for any
From this, by making use of theorems 4.14 and 4.18 of [38] , we can prove, similarly to theorem 2.1 of [37] , that the system ( ) τ ϕ Σ, , a has a unique equilibrium state υ a . (iii) From corollarys 3.5(ii) and (3.10), we conclude that for any σ ∈ Σ
From the continuity of φ a , it follows that C a > 0. Note that
and . a n a a 0 From (3.10), we can deduce that for any σ ∈ Σ ( )
S S a a n n a n a
From the above argument, we conclude that for any σ ∈ Σ and ⩾ n N 0
n a n a a n a a a a
□
In the following, for any a > 0, we always let υ a be the unique equilibrium state of the potential ϕ a given by proposition 3.6. We know from lemma 1.1 of [37] that υ a is also the unique equilibrium state of the potential φ a . From proposition 3.6(iii), it follows that for any
Note that
Hence, by noting proposition 3.6, without loss of generality, we always assume that
n a a (3.11) This implies, in particular, that φ < 0. Hence, theorems 2 and 3 of [19] can be applied to studying dimension of α X (see the following proposition 4.3 and the proof of theorem 4.4). Moreover, we know from proposition 3.6(iii) that the potential ϕ a is so-called hyperbolic for τ, which has been much used in the study of thermodynamic formalism (see e.g. [26] ).
Let p be the pressure function defined above. We say that p is Gateaux differentiable at ( ) ϕ ∈ Σ C with derivative υ [43] , if 
and
Proof. For any a > 0, we know from proposition 3.6 that υ a is the unique equilibrium state of ϕ a . By applying corollary 3.8, we get that
From this, together with ( 
. From this, together with (3.9) and (3.11), we deduce, similarly to the proof of (3.6) , that ( ) υ φ < 0 a and ( ) υ ψ < 0 a . Hence, from (3.12) , by applying the implicit function theorem, we conclude that the function ( ) λ a is differentiable on ( ) ∞ 0, , and for any a > 0
Hence, we conclude that ( ) λ > ′ a 0 for all a > 0. □
The multifractal structure of the invariant measure
Let ν be a probability measure on K. The local dimension of ν at a point ∈ x K is defined by 
there exists some measure ν α , which is an equilibrium state for ψ a for some ⩾ a 0 such that
Proof.
(i) By noting that the assumption (1.2) and I ≠ ∅, 0 we see that the Dirac measure at a parabolic orbit is the equilibrium state for
by the definition there exists an invariant measure ν of τ such that
for any a > 0. By the variational principle, we have
Dividing by ( ) υ ψ a a or ( ) ν ψ and subtracting, we conclude that (iii) As we assume that the function ψ is not cohomologous to any constant, from proposition 3.9, together with differential Darboux theorem, we know that the set { ( )
, then the assertion is proved. For the case that ς < ∞ 2 , we let μ n be the unique equilibrium state for ψ It follows from theorem 2 of [13] that
And, we know from the Birkhoff ergodic theorem that for any a > 0 
To prove theorem 4.5, we need some preparation. 
